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Abstract
Carbon molecular sieves (CMS) have grown more desirable over the years as an
adsorbent for industrial separation processes as CMS technology has advanced. CMS is
commonly used in nitrogen inerting (i.e, oxygen removal from air), carbon dioxide removal
from methane and oxygen purification. However, knowledge of the dynamic behavior of
these gases on CMS is needed to design and operate efficient and effective separation
processes. For this reason, the mass transfer resistances within the micropore at both low
and high frequencies were characterized using frequency response, COMSOL
Multiphysics modeling, and MATLAB optimization , because frequency response methods
have demonstrated the ability to discriminate between limiting mass transfer mechanisms.
This method is performed through a sinusoidal perturbation of volume, pressure, or
concentration. Each method has unique advantages and disadvantages that need to be
considered when determining the most appropriate for the adsorbate-adsorbent at hand.
Due to the robustness and applicability of the volumetric frequency response system
(VFRS), the current study focused on a previously constructed VSFR system to utilize the
wide range of frequencies it handles, allowing for analysis of both slow and fast diffusing
gases. Mass transfer mechanisms were identified utilizing the data obtained from this
VFRS system and fitting it to a mathematical model for oxygen adsorbed by Shirasagi
CMS 3K 172 from Takeda Chemicals at 750 torr at 20, 30, 40 and 50 °C and 100 and 200
torr at 25 °C. Three distinct zones were identified in which isothermal local equilibrium,
micropore diffusion resistance, and mouth resistance dominated at low, intermediate and
iii

high frequencies, respectively. The model did not fit the phase lag data well at high
frequencies but showed that an increase in temperature resulted in a decrease in the
amplitude.
Additionally, a parametric study was performed to demonstrate the effect of the
heat transfer coefficient, heat of adsorption, adsorbent heat capacity, micropore diffusion,
and mouth resistance on the adsorption kinetics. For the base case of oxygen at 760 torr
and 20 °C, curves displayed a delayed drop in intensity as micropore diffusion limitations
decreased. With an increase in mouth resistances, the slope of the intensity curves became
steeper and the phase lag was shifted right. An increase in the heat capacity of the adsorbent
caused a developing hill between 0.001 and 0.015 Hz, while an increase in the heat of
adsorption shifted this hill downwards. An increase in the heat transfer coefficient caused
an increase in the starting location of the intensity curve until equilibrium was reached and
an increase in the heat transfer coefficient no longer had an effect. The heat transfer
coefficient had no effect on phase lag amplitude.
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Chapter 1 Introduction
Separation processes are essential for laboratory and industrial settings as they
allow for isolation of separate products from a mixture of substances, yet separation
processes are costly as they oppose the second law of thermodynamics. While a multitude
of separation processes exist, the use of adsorbents has become increasingly favorable as
adsorbents and techniques have improved. Of these adsorbents, carbon molecular sieves
(CMS) have grown more desirable over the years. CMS are formed by oxidizing coal into
oxicoal, which is then pelletized and carbonized.
CMS can separate individual gases from air by adsorbing gases with different
kinetic selectivities, hence, the term “molecular sieve”. The separation and purification of
these gases are of great value in industry. For example, purified oxygen is useful in glass
furnaces, coal gasification, and metal oxidation, to name a few applications. In metal
oxidation, oxygen-enhanced air can lower the temperature required to oxidize metals,
therefore making the process more energy efficient.
Mass transfer mechanisms of each adsorbate-adsorbent pair are necessary to
determine an appropriate combination. Because CMS is a porous adsorbent material, mass
transfer mechanisms include Knudsen diffusion, surface diffusion, viscous flow, and
mouth resistance. Knudsen diffusion is a form of gas diffusion in which gas molecules
collide with walls of very small pores. Surface diffusion occurs due to a surface gradient
on the pore walls with high surface area and concentration. This process can be described
1

as molecules hopping from adsorption site to adsorption site. Viscous flow is a fluid flow
mass transfer mechanism and can be described using Darcy’s Law, which represents fluid
flow in a porous media. Mouth resistance occurs when the entrance to the pore is small,
causing a bottleneck effect. A carbon molecular sieve, as the name suggests, sieves gases
due to this bottleneck effect based on molecular size.
With respect to air, oxygen adsorbs much faster than argon, while nitrogen adsorbs
the slowest out of the three. From previous studies, oxygen has been found to be micropore
diffusion and barrier resistance-limited. Alternatively, nitrogen and argon are barrier
resistance-limited. Barrier resistance increases with an increase in pressure [2]. For a 5A
CMS, micropore diffusion is the rate-limiting mechanism for carbon dioxide [8].
Frequency response methods have demonstrated the ability to discriminate between
these limiting mass transfer mechanisms. This method is performed through a sinusoidal
perturbation, or “swing”, of volume, pressure, or concentration. Each method has unique
advantages and disadvantages that need to be considered when determining the most
appropriate for the adsorbate-adsorbent pair of interest [3].
Pressure Swing Frequency Response (PSFR) utilizes a flow-based pressure
controller to oscillate the pressure within the system. The resulting response is the flow
rate, which is measured as the gas leaves the system. This method helps sustain controlled
isothermal conditions due to the use of flow-through techniques rather than a batch system,
as the flowing gas provides an additional heat capacity to the system. This method,
however, is not ideal above 0.5 Hz, limiting the mass transfer resistances to those that
appear at lower frequencies [2]. Wang et al. utilized the PSFR method for oxygen and
nitrogen in CMS [10].
2

The Concentration Swing Frequency Response (CSFR) method can also determine
specific mass transfer mechanisms, while specializing in mixtures. CSFR is carried out by
sinusoidally oscillating the molar flow rate into the system by utilizing two mass flow
controllers. The responding oscillating composition of the effluent is then measured with a
mass spectrometer. Giesy, Mitchell, and LeVan demonstrated CSFR’s ability to distinguish
mass transfer mechanisms for binary mixtures of oxygen and argon in a CMS [1]. As with
the PSFR method, CSFR is a flow through technique and therefore also provides greater
control over isothermal conditions. Yet, like PSFR, CSFR cannot determine mass transfer
resistances that would appear at higher frequencies [3].
Out of the array of frequency response methods, Volumetric Swing Frequency
Response (VSFR) is one of the most commonly cited methods. In the VSFR method, the
volume of a batch system is oscillated, often using metal bellows. The responding pressure
in the system is then measured [3]. The VSFR method can handle a wider range of
frequencies, allowing both slow and fast diffusing gases to be analyzed. A commissioned
VSFR system at the University of South Carolina (USC) was constructed previously and
used to identify the mass transfer mechanisms for nitrogen, oxygen, carbon dioxide and
argon with Shirasagi MSC 3K 172 from Takeda Chemicals at 750 torr for 20, 30, 40 and
50 °C. Both micropore and macropore models were developed to fit to the experimental
response curves to determine the mass transfer resistances.
The objective of this thesis was to redevelop these models in COMSOL
Multiphysics because the original ones were permanently deleted from a USC hard drive.
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These new models also included both mass and energy balances and were applied to
oxygen at 750 torr for 20, 30, 40 and 50 °C as well as at 25 °C for pressures of 100, 200
and 760 torr. The original Shirasagi MSC 3K 172 adsorbent was used. While both
micropore and macropore models were created, the results within this thesis focused only
on the micropore model.

4

Chapter 2 Experiment
Volumetric Frequency Response (VFR) Apparatus
A schematic of the volumetric frequency response (VFR) system is shown in Figure
1.1. It can operate between 5x10-5 and 10 Hz, pressures between 100 and 760 torr and
temperatures between 0 and 80 oC on samples up to 100 g. It was designed and constructed
in-house. This VFR system comprises six sections: a computer and data acquisition section
running National Instruments hardware and software; an electronics section including
motor drives for modulation and frequency control; a pressure, volume and temperature
(PVT) section that includes the sample chamber and pressure transducers; a temperature
control section that includes a constant temperature bath and a large ballast tank; a vacuum
pumping station section; and a gas delivery section.
Major components of this system include the Servo Drive Motor (Motor
Automation Direct, USA Model SVL-204B), 9:1 Speed Reducer (Shimpo Driver Inc.,
Model VRAFC09P0701902T 00), AC Servo Drive (Automation Direct, USA, Model
SVA-2040L), AC Servo Driver Interface (Automation Direct, USA, Model ZL-RTB50),
Linear Variable Differential Transducer (TE Connectivity, Model DC-EC-250), Linear
Encoder (US Digital, Model PE-250-1-I-D-L), DP Transducer (Omegadyne Inc., + 2.5
kPa, Model MMDDB-10WBIV10P2C0T2A2CEPS with a response time of 1 ms),
Absolute Pressure Transducer (MKS, 1,000 torr, Model 628A13TEE), Absolute Encoder
(US Digital, Model A2-A-B-E-M-D), Metal Bellows Assembly (Standard Bellows
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Company, Basic Part Number 103-55), Temperature Controller (Omega Engineering Inc.,
Model CNi1643-C24), 13 Liter Refrigerated Circulating Bath (VWR North America,
Model 1157P), Turbo Molecular Drag Pump (Adixen Drytel 1025 w/ Diaphragm Vacuum
Pump AMD 1), and Ionization Gauge Controller (Granville-Phillips, Model 350).
This VFR system comprises three different zones in terms of volume (Figure 2.1):
a) the working cell volume is shown in dark gray, b) the reference volume is shown in light
gray, and c) the external volume is shown in white, which simply connects the system with
vacuum or feed gas. Except for the immersed components, all parts containing the working
cell and reference volumes are thermally insulated to reduce the effects of any temperature
variation in the laboratory. The working cell volume includes a large sample chamber, a
thermocouple in the sample chamber for temperature measurement, and a metal bellows
that contracts and expands via a shaft for working cell volume modulation. The shaft
connected to the metal bellows is driven by the servo motor system via an eccentric sheave
which causes the working cell volume to vary sinusoidally. The position of the bellows is
determined by the linear variable differential transducer (LVDT) along with a linear
encoder, which measure the change in working cell volume. The reference volume includes
a two-liter ballast tank that is immersed within the water chamber of the constant
temperature bath for temperature and thus pressure stabilization within the reference
volume at the operating temperature. The pressure of the sample is measured by the
absolute pressure transducer located in the reference volume. The differential pressure
transducer is located between the reference and working cell volumes to follow the
differential pressure change between these volumes.
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Data acquisition and control of the VFR system is accomplished with an in-house
developed National Instruments LabVIEW program. The control system operates all the
electronics, including the servo drive motor for volume modulation at each frequency and
switching between frequencies. Connectivity between the different zones is controlled via
air actuated valves V1 through V4 (SS-BNV51-C, Swagelok normally closed BN series
bellows valves with ¼” female VCR fittings, and SS-BN8FR8-C, Swagelok normally
closed BN series bellows valves with ½” female VCR fittings). All the connections in the
PVT section are stainless steel CF high vacuum piping and fittings. The outputs from the
LDVT, pressure transducers and thermocouple are recorded and saved in LabView files
for subsequent analysis in Excel.

Figure 2.1 Schematic of the VFR instrument developed and constructed in-house at USC.
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Adsorbent Activation
The adsorbent was placed in the sample chamber with the water jacket removed.
The system was then evacuated and thermally regenerated by keeping valves V1, V2 and
V4 open with valve V3 closed (Figure 2.1). During sample activation, the container was
heated to the regeneration temperature via aluminum concentric sleeves wrapped with rigid
electric band heaters connected to a Variac. Activation was typically carried out for a
period of hours or even days at the regeneration temperature until the pressure at the
vacuum pump was stable for a few hours at less than 1.5x10 -5 torr; this, of course, depended
on the type of adsorbent. Then, the system was allowed to cool, the heaters and sleeves
were removed and the sample chamber was fully immersed in the water jacketed beaker
that was set at the target working temperature using the constant temperature bath. The
working temperature was inputted into the LabVIEW software, recording the temperature
for the chiller.
Adsorbent Equilibration
Once the working cell volume was cooled to the working temperature, valve V4
was closed and the working gas was allowed into the working cell and reference volumes
via valve V3 to pressurize the system to the target working pressure. A needle valve was
used (not shown) to control the flow of the working gas into the system. Once at the target
working pressure, the shaft connecting the bellows to the servo drive motor was moved
and set to a position where the bellows was at the midpoint. Valve V2 was then closed and
the system was allowed to equilibrate at the target working temperature and pressure for
another several hours or even days, again depending on the adsorbent. Once the system
was in equilibrium, valve V1 was closed to isolate the working cell volume from the
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reference volume and equilibrium was confirmed by ensuring that the differential pressure
is zero and not fluctuating. At this point, with the differential pressure Pd between these
two volumes reading zero, the sample and the system were ready for a run through the
frequency spectrum.
VFR Procedures
Three different procedures were developed and utilized for this VFR system. The
first and most involved procedure was developed for determining mass transfer rates and
mechanisms of gas adsorbate-adsorbent pairs in microporous adsorbents. This procedure
operated the system at different pressures and temperatures with the gas adsorbateadsorbent pair of interest and also in helium with the same adsorbent over the entire
frequency range. The second procedure consisted in carrying out the same runs of the first
procedure using glass beads in an amount equal in volume to that occupied by the
adsorbents to account for the thermal effects on the response curve that occur at high
frequencies. These thermal effects are due to compression/expansion of the tested gas,
especially at high frequencies, in empty places within the system where heat transfer to
maintain the target temperature is poor. The third and last procedure is less involved and
it was developed for determining various volumes within the working cell volume of the
system. This procedure utilized He in an empty sample chamber, and with the sample
chamber filled with porous and non-porous solids. For this procedure the system usually
operated at just one pressure and temperature, but still over the entire frequency range.
However, in some cases only one low frequency was required for the analysis. Each of
these procedures is described in detail below.
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Frequency Spectrum Runs with Adsorbent
A run through the frequency spectrum was carried out as follows. Once the system
was at equilibrium, the adsorbent (CMS 3K-172, Shirasagi, Japan) was subjected to volume
modulation in the gas of interest (O2, UHP Grade, Airgas) at each frequency using a
predefined set of 32 frequencies between 5.0x10 -5 and 10 Hz: 7.0x10-5, 1.0x10-4, 1.5x10-4,
2.0x10-4, 3.0x10-4, 5.0x10-4, 7.0 x10-4, 1.0 x10-3, 1.5 x10-3, 2.0 x10-3, 3 x10-3, 5.0 x10-3, 7.0
x10-3, 1.0 x10-2, 1.5 x10-2, 2.0 x10-2, 3.0 x10-2, 5.0 x10-2, 7.0 x10-2, 1.0 x10-1, 1.5 x10-1, 2.0
x10-1, 3.0 x10-1, 5.0 x10-1, 7.0 x10-1, 1.0, 1.5, 2.0, 3.0, 5.0, 7.0, and 9.25 Hz. Ten cycles
were typically run at each frequency to ensure the latter cycles achieved sinusoidal periodic
behavior. This was a fully automated step where the LabView program took over and ran
uninterrupted from the lowest to the highest frequency. Of course, the lower frequencies
took days to run 10 cycles at each frequency, while the higher frequencies finished in
fractions of a second.
For a subsequent run with the same working gas, no activation was needed. Instead,
the sample chamber remained inside the water jacketed beaker. Valves V1 and V2 were
opened and, depending on the new target working temperature and pressure, gas was
removed from or fed into the working cell and reference volumes via valves V4 or V3,
respectively. The shaft connecting the bellows to the servo drive motor was again moved
to position the bellows to the midpoint. Once the system was in equilibrium at the new
target working pressure and temperature, valve V2 was closed and the sample and system
were again ready for a run through the frequency spectrum.
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Frequency Spectrum Runs with Glass Beads.
A series of experiments were carried out to obtain the dynamic response of the
system especially in the high frequency range where undesirable thermal/compression
effects occur that are independent of the adsorption process. These experiments involved
determining the response of the system containing the 3 mm glass beads occupying the
same volume occupied by the adsorbent in the sample holder using the same test gas (O 2,
UHP Grade, Airgas) at all frequencies and 25 oC and 760 torr. These runs were used to
determine the enhancing factor function that was used to correct the response of the run
with the sample under same conditions. A full description of how the enhancing factor
function is used is described elsewhere (Hossain, 2014).
Empty (VE), Displaced (ΔV) and Accessible Volume (V A) Determinations
Three unique volumes within the working cell volume were required for subsequent
data analyses with this VFR system. These are the empty volume VE, change in working
volume V and the accessible volume VA when the adsorbent was in the sample chamber.
Three experimental runs were carried out for this purpose, each over the lower frequency
range (< 0.005 Hz) but at one temperature and pressure (750 torr and 25 oC), using He
(UHP Grade, Airgas). One run was carried out with an empty sample chamber. A second
run was carried out with 528 stainless steel (SS) beads (1/4 inch diameter) of known solid
volume VSS in the sample chamber. A third run was carried out with the adsorbent (CMS
3K-172, Shirasagi, Japan) in the sample chamber. In these secondary procedural runs,
evacuation, gas filling and equilibration were carried out like that described for the first
procedure with the sample chamber always immersed in the water jacketed beaker.
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Running Conditions
For the experiments conducted with CMS, a 120 cm3 sample chamber was loaded
with 76.9 g of CMS 3K-172. No inert material, such as glass beads, were used together
with the adsorbent. The sample was regenerated under vacuum (1.5x10 -5 torr) at 100 oC
for 40 h. All experiments conducted with O2 and CMS 3R-172 were carried out at 20, 35
and 50 oC at a pressure of about 760 torr and 100 and 200 torr at 25 oC.
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Chapter 3 Theory and Analysis
Response Variables
The analysis developed for this VFR system uses the amplitude ratio and the phase
lag between the input and output variables as two independent responses to represent the
frequency response of the adsorbate-adsorbent pair. As mentioned earlier, the input and
output variables are, respectively, the change in the working volume and the corresponding
change in its pressure relative to that at equilibrium when the shaft is at its midpoint. The
amplitude ratio between the change in the working volume V and the change in pressure

P relative to that of the absolute equilibrium pressure Po (which is also the pressure of the
reference volume) is conveniently expressed in terms of the following function:
𝐼=

(1)

−1

with the phase lag function evaluated directly as,
(2)

𝜙 =𝜙 −𝜙
VA is the accesible volume of the system defined as

(3)

𝑉 = 𝑉 +𝑉,

Vo is the average value of the working volume V that is external to the pellets, and Vg,p is the
macropore volume, i.e.,
(4)

𝑉, = 𝑚

ma is the mass of the adsorbent, p is the pellet porosity and p is the pellet density.  P and
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  are the phase angles corresponding to the output and input variables, respectively. V is
given by
𝑉 =𝑉 , +𝑉

= 𝑉 + 𝛥𝑉 𝑠𝑖𝑛( 2𝜋𝑓𝑡)

(5)

VEXT is the fraction of the working volume that varies with time and is not occupied by the
region within the sample chamber containing just adsorbent, while Vg,i is the fraction of the
working volume occupied by the region in the sample chamber containing just adsorbent
that corresponds to interparticle volume
𝑉

,

(6)

=𝑚

b is the bed interparticle porosity. When t = n/(2f) with n = 0, 1, 2, etc., the shaft is at its
midpoint and V = Vo, and VEXT is equal to the average VEXTo.
The intensity function I defined by eq 1 physically represents the ratio between the
working capacities of the adsorbed and gas phases. Thus, it tends to decrease as the
frequency of the input function increases. This function also approaches zero at very high
frequencies where the adsorbent behaves like a solid that cannot be penetrated, i.e., a solid
wall.
Analysis of Experimental Sinusoidal Response Curves
This VFR system produces experimental sinusoidal response curves at each
frequency, in terms of the shaft displacement  from the LDVT and the differential pressure
Pd from the differential pressure transducer. These curves are fitted respectively to the
following functions:
𝛿=𝛿

+ 𝛥𝛿 𝑠𝑖𝑛( 2𝜋𝑓𝑡 + 𝜙 )

𝑃 =𝑃

,

(7)
(8)

+ 𝛥𝑃 𝑠𝑖𝑛( 2𝜋𝑓𝑡 + 𝜙 )

where f is the frequency, t is the time, os and Pd,os are the corresponding offsets, and and
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P are the corresponding amplitudes. From the fitting at a given frequency f, the
amplitudes and P, and the phase lag P -  are extracted. For each frequency f the
system provides a response expressed in terms of the two functions in eqs 1 and 2.
However, the change in working volume V and the accesible volume VA require additional
experimental evaluation and analyses, as described below.
Analyses of Empty (VE), Displaced (V) and Accesible (VA) Volumes
If Po,E and PE are respectively the equilibrium absolute pressure and the amplitude
of the pressure change when the system is empty, and Po,SS and PSS are respectively the
absolute equilibrium pressure and the amplitude of the pressure change when the system
contains only stainless steel beads of known volume Vss then V and VE are given by
𝛥𝑉 =
𝑉 =

(

SS )

SS

(9)

o,SS
SS

(10)

1-

with
𝑍 =

o,SS
o,E

(11)

SS

When the system contains the adsorbent and possibly some inert material of known
volume VI (such as glass beads), and if Po,He and PHe are respectively the equilibrium
absolute pressure and the amplitude of the pressure outside the bed volume when using
helium as the working gas, then the accessible volume of the system is given by
𝑉 =

o,He

o,E

o,E

o,He

(12)

𝑉

A schematic depicting the individual volumes within the working cell volume is given in
Figure 3.1.
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Figure 3.1. Schematic of the working cell volume with all
pertinent individual volumes when the shaft is located
somewhere between the midpoint δMP and the point of
minimum working volume δMIN.
Analyses of Skeletal Density and Isotherm Slope
The skeletal density of the material S and the slope of the adsorbate-adsorbent
isotherm are obtained as follows. The skeletal density is evaluated via the following
expression
(13)

𝜌 =
where Vs is the skeletal volume given by

(14)

𝑉 =𝑉 −𝑉 −𝑉
The slope of the gas adsorbate-adsorbent isotherm is given by
=

(15)

=
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where I is the intensity given in eq 1 but only at frequencies low enough to ensure that the
sample operates under local equilibrium.
Material and Energy Balances
The overall system mass of adsorbate mT, which is constant, is given by
𝑚 =𝐶
where 𝐶

,

∙𝑉

,

+𝐶

,

∙ 𝑉 , + 𝑚 ∙ 𝑞̄ + 𝐶

,

(15)

∙𝑉

is the average concentration of gas within the macropore volume 𝑉 , ; 𝐶

,

the concentration of gas within the interparticle volume 𝑉 , ; 𝐶
gas within the volume 𝑉

,

,

is

is the concentration of

; and 𝑞̄ is the average adsorbed phase loading of gas in the

adsorbate of total mass 𝑚 . Assuming the entire system is at the same pressure P, the
material balance over the volume comprising Vg,p, Vg,i and VEXT is written as
,

𝑉,

,

+

−

̄

+𝑚

where 𝑛̇ represents the molar rate of gas species within the volume 𝑉

𝑛̇ =

−

and ideal gas law was assumed for 𝐶
𝐶

,

𝐶

,

with 𝑉

and 𝐶

,

, i.e.,
(18)

=

(19)

=
and

𝑉

, i.e.,

(17)

+
,

(16)

+ 𝑛̇ = 0

=𝑉

in eq 17 given by
,

(20)

+ ∆𝑉𝑠𝑖𝑛(2𝜋𝑓𝑡)

(21)

= 2𝜋𝑓∆𝑉𝑐𝑜𝑠(2𝜋𝑓𝑡)
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where from eq 5,
𝑉

,

(22)

= 𝑉 −𝑉 ,

In contrast, the energy balance is applied over just the volume containing the
adsorbent material, i.e., Vg,p and Vg,i. It is written as
𝑉,

𝐶𝑝 − 𝑅 𝐶

,

𝜕𝐶 ,
𝜕𝑇
− 𝑅𝑇
𝜕𝑡
𝜕𝑡

+ 𝑚 𝑞̄ 𝐶𝑝 +

𝑚 𝐶𝑝

+𝑚

̄

𝛥𝐻 + 𝑞̄

+𝑉

𝜕𝛥𝐻
𝜕𝑇

,

𝐶𝑝

𝑃 𝜕𝑇 𝜕𝑃
−
𝑅𝑇 𝜕𝑡 𝜕𝑡

𝜕𝑇
+
𝜕𝑡

= 𝛥𝐻 ∗ 𝑛̇ + ℎ𝐴(𝑇

− 𝑇)

(23)

P and T are the pressure and temperature of the bed. Tbath is the temperature of the bath.
H* is the enthalpy change at the gas boundaries of the volume occupied by the bed
temperature where the temperature is fixed at an assumed value T*. It is given by
𝛥𝐻 ∗ = ∫ ∗ 𝐶𝑝 𝑑𝑇

(24)

Cpg and Cps are the heat capacity of the gas and adsorbent, respectively. The quantities
𝑞̄ and 𝐶

,

are the averages of the adsorbed phase loading and gas phase concentration over

the adsorbent volume, respectively. For a spherical adsorbent particle with radius Rp, 𝑞̄
and 𝐶

,

are defined as
𝑞̄ ≡
𝐶 ≡

∫
∫

(25)

𝑞̄ 𝑟 𝑑𝑟
𝐶

,

𝑟 𝑑𝑟 =

RT

𝑃 𝑟 𝑑𝑟 =

∫

RT

(26)

where Cg,p and q are respectively the gas phase concentration and adsorbed phase loading,
and PP is the pressure at a given point inside the adsorbent. 𝑞̄ is further defined as the
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average adsorbed phase loading q over the volume of the micropore domain or crystal of
radius Rc. If the latter is assumed to be spherical, then
𝑞̄ ≡

(27)

∫ 𝑞𝑟 𝑑𝑟

Note that taking eq 26 into account, the first terms of eqs 16 and 23 respectively become:
𝑉,
𝑉,

,

=

,

𝐶𝑝 − 𝑅 𝐶

(28)

−

,

− 𝑅𝑇

,

= 𝑉,

𝐶𝑝

−

(29)

Depending on the controlling mass transfer mechanism, q and q are correlated with the
equilibrium loading in different ways, as shown below.
Any spatial gradients within the bed in eqs 16 and 23 are neglected. In addition,
any heat transfer resistances between the adsorbent and the gas phase are equally neglected.
Hence, T* and T are assumed to be same and the first term on the RHS of eq 23 is neglected.
Also, the control volume for the energy balance is limited to the volume containing just the
layer of adsorbent. Hence, any heat transfer into or out of it through the container wall is
represented by an effective heat transfer coefficient hA that is proportional to the contacting
area of the adjacent container wall and driven by the temperature of the bath (TEXT = Tbath).
The initial equilibrium temperature is also the temperature of the bath (To= Tbath).
Micropore Mass Transfer Model
This micropore mass transfer model assumes the adsorbed phase loading
dependency of the micropore diffusion coefficient is governed by the Darken relationship
(Yang, 1987). The micropore mass balance is expressed in spherical coordinates in terms
of a dimensionless location c equal to the ratio between the location rc inside the crystal
and the crystal radius Rc (i.e., 𝜉 =

) , i.e.,
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(30)

(𝜉 𝐾 )

=

where Kc is the micropore diffusional time constant expressed as
𝐾 =

=

(31)

=𝐾
,

,

with Kco being a constant parameter. The vertical bar next to the expression indicates that
the expression is evaluated directly from the isotherm at the indicated pressure and
temperature. The appropriate initial and boundary conditions are given by:
=0
𝐾

=

𝑞 = 𝑞|

𝑞|

,

−𝑞

,

at

𝜉 =0

(32)

at

𝜉 =1

(33)

at

t=0

(34)

where Km is a mouth resistance at the entrance of the crystal. Because the macropore
resistance has been neglected, the pressure outside the crystal Pp is equal to the pressure
outside the pellet P. Hence 𝑃 in eq 26 is also identical to P. For identical reasons, 𝑞̄ in eq
25 is identical to 𝑞̄ .
Equilibrium Adsorption Isotherm
The Toth isotherm model was used in this modelling effort and given by
𝑞|

,

(35)

=
(

(

) )

where the affinity b, saturation loading qs and heterogeneity parameter n are given by
(36)

𝑏=𝑏 𝑒
𝑞 =𝑞

(37)

+

(38)

𝑛=𝑛 +
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bo, B, qso, qst, no, and nt are fitting parameters. It is easy to show from eq 33 that Kc is
(39)

𝐾 =𝐾

In this approach the pressure at the outside of the crystal of radius Rc is equal to the pressure
outside the pellet P. Also, q is estimated using eq 27. Because there is no mass transfer
resistance in the macropore volume, q is equal to q , and C p is equal to Cp = P/(RT).
Modeling with COMSOL
Three different general form partial differential equations (PDEs) are used under
one geometry. The geometry is one-dimensional with a dimensionless length to represent
the length of the pore. This is split into three parts of varying mesh size to maintain
accuracy while reducing computation time. The dependent variables for the micropore
model are bed pressure, Pb, loading in the pore, q, and bed temperature, Tb. This model is
time dependent with the time domain set to allow for 256 steps and 10 cycles for each
individual frequency. Within COMSOL the parameters are defined as constant values and
variables are defined as non-constant values.
Optimization to determine Parameters
The mass transfer limiting parameters are determined via Davidon-Fletcher-Powell
(DFP) optimization with the use of MATLAB. DFP is a quasi-Newton method derived by
W. C. Davidon and modified by R. Fletcher and M. J. D. Powell. DFP minimizes an
objective function by locating the position of the smallest objective function value along a
line through the previous objective function value and its respective position in a certain
search direction. This search direction may be determined by Newton’s method, but to
reduce computation time a positive-definite symmetric matrix H was iteratively determined
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instead [7]. A Taylor series expansion is used to determine the position of the objective
functions. This iterative minimization method ceases when either of the criteria of
convergence are met, as shown in eqs 40 and 41
|

()

( )|
()

(40)

< 𝑇𝑜𝑙𝑥

Where pnew is the new minimum parameter i found and p(i) is the old parameter i. Tolx is
the tolerance or convergence criteria of the parameter ratio (1E-8) or
(41)

𝑔(𝑖) < 𝑔𝑇𝑜𝑙

g(i) is the gradient of the function and gTol is the tolerance of the gradient (1x10-8). When
the optimization is complete, the optimized parameters are output and the model is run
again to provide the phase lag and intensities from the final parameters.
In this usage of the DFP method, the objective function that is minimized is the
summation of the sum square error (SSE) of experimental and model intensities at each
frequency. All runs of a single gas on a given adsorbent of varying pressures and
temperatures are optimized at one time. To do so, MATLAB iteratively runs the COMSOL
model for each of the 32 frequencies at all given parameters. The model is formatted such
that temperature, pressure and mass transfer parameters are input variables, therefore
allowing the same COMSOL model of a single gas to be used for all experimental run
conditions. In the micropore model, the heat transfer coefficient, mouth resistance and
micropore gas diffusivity are the optimizable parameters.
Before beginning the DFP optimization, initial guess values must be determined for
all parameters. With poor initial guesses, the optimization may converge on a local rather
than global minimum. To ensure appropriate initial guess values were chosen, plots of
intensity and phase lag were rendered for the model run at these guess values and plotted
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against the experimental data inputted from text files. After the visual inspection of the
appropriateness of initial guess values was completed, optimization began. Once the
optimization was complete, the number of iterations required, the final objective function,
and the final mass transfer parameters were outputted. An excel file of frequency, intensity,
and phase lag was created for each run at the final solution parameters and plotted against
experimental data.
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Chapter 4 Results and Conclusions
Results
When utilizing COMSOL Multiphysics software, the geometry can be set to
include any number of intervals. These line segments may each have a unique mesh
coarseness and therefore number of nodes. Through a simple mesh coarseness evaluation,
the mesh size that provided the minimum computation time while maintaining the most
accurate results proved to be coarse, normal, and extra fine, where these are predefined
setting values within the software (Figure 4.1). Therefore, an additional figure has been
included to show the number of nodes that correspond with these mesh sizes (Figure 4.2).
This combination of sizes for the three intervals required 8.75 minutes in computation time.

6

coarse,fine,extrafine 10.2 min
coarse,normal,extrafine 8.75 min

4

normal,fine,finer 8.59min

Intensity

5

coarse,normal,fine 8.45min

3

Exp

2
1
0
1

Frequency, Hz

Figure 4.1. Intensity plots of various mesh sizes in
Comsol Multiphysics
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10

Figure 4.2 Comsol Multiphysics mesh size for three line
segments
Before modeling can be done, equilibrium information is needed. Experimental
adsorption isotherms for oxygen on the CMS 172 are shown in Figure 4.3, along with the
correlations to the Toth isotherm model. The corresponding Toth model parameters are
provided in Table 4.1. These values were regressed by utilizing Microsoft Excel’s solver
function and solving for the smallest sum error. The Toth model fit the data very well at
all three temperatures.
By utilizing the model, a parametric study was conducted based on changing the
following parameters one at a time with everything else held constant: heat transfer
coefficient, micropore diffusion coefficient, mouth resistance mass transfer coefficient,
adsorbent heat capacity, and the heat of adsorption. The base case utilized in this parametric
study was determined by fitting the micropore model to the experimental intensity and
phase lag O2 data at 760 torr and 20 °C (results shown later). The base case parameters are
shown in Table 4.2. The effect of each parameter is discussed in turn below.
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Figure 4.3. Experimental adsorption isotherms for
oxygen on the CMS 172 (symbols) and the
correlations to the Toth isotherm model (solid
lines).
Table 4.1. Toth model isotherm parameters obtained from regression of the
experimental data.
O2-CMS 172 Fitting Parameters
qso

qst

[mol/kg]

[mol/kgK]

1.20x106

7.80x10-15

no

1.22x10-1

nt

B

bo

[K]

[K]

[kPa-1]

0

2.26x103

5.75x10-12

Table 4.2. Oxygen-CMS 172 Multifit Optimization Fitting parameters
HA [J/K/s]

KC [1/s]

KM [1/s]

CP [kJ/kg/K]

ΔH [kJ/mol]

0.42

7.19x10-3

7.42x10-1

1.3

-18.8
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As the micropore diffusion coefficient was increased, therefore indicating that the
micropore resistances were decreased, the intensity demonstrated a shift of the intermediate
plateau towards the right starting around 0.0011 Hz (Figure 4.4). The loci of the maxima
in the phase lag occurred at higher and higher frequencies and the amplitude of the phase
lag increased for increased values of the micropore diffusion coefficient (Figure 4.5).

Figure 4.4. Effect of the Micropore Diffusion Coefficient on the Intensity.

Figure 4.5. Effect of the Micropore Diffusion Coefficient on the Phase Lag
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With an increase in the mouth resistance mass transfer coefficient, the intensity
displayed a similar shift to the right as seen with the micropore diffusion coefficient study
results. However, in this case, the slope of the feature seen after 0.001 Hz decreases as the
mouth resistance mass transfer coefficient increases. Therefore, at the greatest mouth
resistance, the intensity decreases the fastest and approaches zero around 0.011 Hz. At the
lowest mouth resistance, the intensity plot begins to take the shape of the curves seen during
the micropore diffusion coefficient study (Figure 4.6). This suggests that at these
conditions, micropore diffusion becomes the limiting mass transfer resistance. With a
decrease in the mouth resistance mass transfer coefficient, the phase lag shifts to the right
and decreases in amplitude (Figure 4.7).

Figure 4.6. Effect of the Mouth Resistance Mass Transfer
Coefficient on the Intensity.
Increasing the heat capacity of the adsorbent caused a hill to form and increase
between 0.001 and 0.01 Hz on the intensity plot (Figure 4.8). The phase lag increased in
amplitude and decreased a hill effect at low frequencies as the heat capacity of the
adsorbent increased (Figure 4.9).
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Figure 4.7. Effect of the Mouth Resistance Mass Transfer Coefficient
on the Phase Lag.

Figure 4.8. Effect of the Adsorbent Heat Capacity on the Intensity.

Figure 4.9. Effect of the Adsorbent Heat Capacity on the Phase Lag.
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Varying the heat of adsorption did not cause a change in the shape of the intensity
plot but shifted the curve down at low frequencies as the parameter increased (Figure 4.10).
The phase lag decreased in amplitude and increased the hill at low frequencies (Figure
4.11).

Figure 4.10. Effect of the Heat of Adsorption on the Intensity.

Figure 4.11. Effect of the Heat of Adsorption on the Phase Lag.
Lastly, the heat transfer coefficient demonstrated an effect only at very low
frequencies for both the intensity and phase lag. At the initial plateau where the isothermal
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local equilibrium is shown, the starting position of this plateau is increased with an increase
in the heat transfer coefficient. Upon reaching 0.01J/K/s, the upper envelope is reached,
and the heat transfer coefficient does not have any effect (Figure 4.12). The phase lag also
displays a change in starting position (Figure 4.13).

Intensity
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3.0

0.01

2.5

0.05

2.0

0.1

1.5

0.42

1.0

1

0.5
0.0
0.0001

0.001

0.01
0.1
Frequency (Hz)

1

10

Figure 4.12. Effect of the Heat Transfer Coefficient on the Intensity.
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Figure 4.13. Effect of the Heat Transfer Coefficient on the Phase Lag.
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The results for the base case utilized in the parametric study are shown in Figure
4.14. They parameters in Table 4.1 were obtained by fitting the micropore model to the
experimental intensity and phase lag O2 data using the multiparameter optimization Matlab
code. The initial plateau shown at the lowest frequencies was due to isothermal local
equilibrium. There is an intermediate plateau seen up to around 0.0011 Hz that is due to
micropore diffusion resistances. This plateau appears to decrease in size with an increase
in temperature. This is also apparent on the phase lag plots (Figure 4.15). The third
distinguishable feature appears at high frequencies and is due to the mouth resistance.
It appears the model may have optimized to a local, rather than a global, minimum.
This is apparent due to the rather large sum square error of 11.9. Upon conducting the
parametric study, intuition suggests that the micropore diffusion coefficient should be
larger than the mouth resistance, allowing the mouth resistance to be the limiting mass
transfer resistance. The model is also not capturing an additional feature seen on the phase
lag plot at high frequencies. This feature deviates more so at lower pressures.

5.0

25C 100 torr exp
25C 200 torr exp
20C 755 torr exp
30C 755 torr exp
40C 755 torr exp
50C 755 torr exp
model

Intensity

4.0
3.0
2.0
1.0
0.0
0.00001 0.0001

0.001
0.01
0.1
Frequency (Hz)

1

10

Figure 4.14. Intensity versus Frequency for Oxygen on CMS 172: model and
experimental data.
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Figure 4.15. Phase Lag versus Frequency for Oxygen on CMS 172: model and
experimental data.
Conclusions
The objective of this work was to characterize the mass transfer resistances within
the micropore of a carbon molecular sieve for oxygen at both low and high frequencies
using frequency response, COMSOL Multiphysics modeling, and MATLAB optimization.
This study focused on using a volumetric frequency response system (VFRS) system for
this purpose. Mass transfer mechanisms were identified utilizing the data obtained from
this VFRS system after it was fitted to a mathematical model for oxygen adsorbed by
Shirasagi CMS 3K 172 from Takeda Chemicals at 750 torr at 20, 30, 40 and 50 °C and 100
and 200 torr at 25 °C. Three distinct zones were visible for the intensity plot: an initial
plateau at low frequencies due to isothermal local equilibrium, an intermediate plateau at
intermediate frequencies due to micropore diffusion resistance, and a distinguishable
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feature at high frequencies due to the mouth resistance. The micropore diffusion resistances
may have a temperature dependence, which should be implemented in future work. As
temperature increased, the phase lag amplitude decreased with a decrease in adsorption.
The model and experimental phase lag peaks do not perfectly overlap and the model does
not fit the high frequency feature of phase lag at low pressures.
Additionally, a parametric study was performed to demonstrate the effect of the
heat transfer coefficient, heat of adsorption, adsorbent heat capacity, micropore diffusion
coefficient, and mouth resistance mass transfer coefficient on the adsorption kinetics. For
the base case of oxygen on CMS 172 at 760 torr and 20 °C, intensity curves displayed a
delayed drop in intensity as micropore diffusion limitation decreased. The phase lag shifted
right and showed an increase in amplitude with an increase in the micropore diffusion
coefficient. With an increase in the mouth resistance, the slope of the intensity curves
became steeper while the phase lag curve shifted right and decreased in amplitude. An
increase in the heat capacity of the adsorbent caused a developing hill between 0.001 and
0.015 Hz, while an increase in the heat of adsorption shifted this hill downwards. The
increased heat capacity caused a slight increase in phase lag amplitude and caused the
feature at low frequencies to become less prevalent. An increase in the heat transfer
coefficient caused an increase in the starting location of the intensity curve until
equilibrium was reached and an increase in the heat transfer coefficient no longer had an
effect. This increase had no effect on the phase lag amplitude.
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